Abstract: Recently, non-perturbative approximate solutions were presented that go beyond the well-known mean-field resummation. In this work, these non-perturbative approximations are used to calculate finite temperature equilibrium properties for scalar φ 4 theory in two dimensions such as the pressure, entropy density and speed of sound. Unlike traditional approaches, it is found that results are well-behaved for arbitrary temperature/coupling strength, are independent of the choice of the renormalization scaleμ 2 , and are apparently converging as the resummation level is increased. Results also suggest the presence of a possible analytic cross-over from the high-temperature to the low-temperature regime based on the change in the thermal entropy density.
Introduction
Recently, I presented a sequence of non-perturbative approximate solutions for scalar φ 4 theory for arbitrary interaction strength [1] . These approximate solutions contain, but allow to systematically improve on, the familiar mean-field approximation. In this work, I consider φ 4 field theory in two dimensions at finite temperature as a natural extension of the zero-temperature study done in Ref. [1] .
Finite temperature quantum field theory is a mature and well-established discipline [2] . At high temperature, naive perturbation theory breaks down because of infrared singularities. These difficulties are by now understood to be cured by resumming an infinite number of Feynman diagrams, generating an effective in-medium (thermal) mass. This "Hard-Thermal-Loop" (HTL) resummation [3] has led to a very successful program for calculating properties of field theories at finite temperature and/or density, cf. Refs. .
So why invest time into developing novel resummation schemes, given the apparent success of the HTL resummation program? First, despite resumming an infinite number of Feynman diagrams, the HTL resummation scheme is not fully non-perturbative in the sense that HTL results do not exhibit a sensible strong-coupling limit. Second, the HTL resummation scheme does not easily incorporate the physics of transport which typically requires resummation of higher-order Feynman diagrams. Third, observables exhibit an unphysical dependence on the renormalization scale choice, which is a property inherited from perturbative truncations of the full theory.
This provides the motivation to consider the resummation schemes R0-R3 described in Ref. [1] to test if any of these issues arsing for the HTL resummation scheme can be improved on. For simplicity of presentation, I chose to ignore transport properties for the present work and only study equilibrium thermodynamics.
2 Finite temperature pressure of scalar φ 4 theory in 2d
Let me consider the path integral formulation of φ 4 theory in two Euclidean dimensions given by
where λ has mass dimension two and m 2 > 0 is assumed. The Euclidean time direction τ is compactified on a circle with radius β ≡ T −1 , where T is the equilibrium temperature of the system. Introducing an auxiliary field ζ, the path integral may be re-written as
where V is the "volume" of the Euclidean direction x and
and ζ 0 is the global zero mode of ζ. The resummation schemes R0-R3 introduced in Ref. [1] correspond to different approximation levels (R0 the "coarsest" and R3 the "finest") of the partition function.
R0-level
In the R0 scheme, the term S I is dropped completely, and the partition function may be evaluated analytically as [1] 
where
is the MS scale parameter that in finite-temperature field theory literature is customarily varied by a factor two around the first non-vanishing Matsubara frequency, e.g.μ ∈ [πT, 4πT ]. Physical observables are not meant to depend onμ, hence varyingμ in truncations of the full theory is used to test for the sensitivity of results to higher-order terms not considered in the approximation.
In the large volume limit V → ∞, the partition function in the R0 approximation may be evaluated through a saddle-point approximation, finding 6) where
At zero temperature, the theory is renormalized by requiring a finite pole mass of the two-point function φ(x)φ(0 , which in the R0 approximation leads to m 
where m 2 F is the value of the renormalized mass at some fiducial scale. Given that λ has mass dimension two, it is useful to consider units in which all other dimensionful quantities are expressed in terms of λ, e.g.
Note that in these units, the weak-coupling regime corresponds to high temperaturê T → ∞, whereas low temperature corresponds to strong coupling, similar to studies of dimensionally reduced gauge theories and gauge/gravity duality [32] [33] [34] . For simplicity of notation, I will drop the hat notation in the following, effectively using units where λ = 1. The partition function can be written as
is a divergent contribution to the cosmological constant in the R0-level approximation and the finite-temperature pressure is given by Thermal pressure as a function of re-scaled temperature T / √ λ for m 2 F = λ in the R0-R3 approximation scheme. Results do not depend on the renormalization scale choiceμ. Horizontal plot axis is expressed as
to allow compactification of the whole interval T ∈ [0, ∞). Arrows indicate location of weak and strong coupling regime λ = 0, λ = ∞, respectively, as well as the location of the zero-temperature result from high precision ("exact") calculations (2.34) using Refs. [35, 36] . Full line is a guide to the eye.
with a self-consistent pole mass M determined by the solution of the "gap" equation
Using the running of m 2 R in the R0-level approximation (2.7), one may verify explicitly that the finite-temperature pressure P R0 (T,μ 2 ) is independent from the choice of the renormalization scaleμ 2 . At very high temperature, the R0-pressure reduces to the pressure of a free scalar field in two dimensions, 12) as expected for a weakly coupled field theory. At finite temperature, the R0 level approximation results in a reduction of the pressure from the free result, which contains all orders in perturbation theory partially 1 through the self-consistent solution of the gap equation (2.11) . At zero temperature, the
contains a finite contribution to the cosmological constant 2 . A plot of the pressure for the R0 approximation is shown in Fig. 1 for m 2 F = 1. While only part of the temperature range is visible in this figure, the pressure is well-behaved for all temperatures, and smoothly interpolates from the weak-coupling, high-temperature regime to the strong-coupling low temperature regime.
R1-level
Without further input, it is not clear how good an approximation the R0-level resummation for the true finite-temperature pressure of scalar φ 4 really is. A step forward can be made by considering the next best approximation level, R1, which arises from (2.2) by a suitable re-shuffling of terms between S 0 , S I (see Ref. [1] for details), finding
In the large volume limit, the partition function can once again be evaluated through a saddle point approximation,
. The zerotemperature pole mass is rendered finite by introducing a renormalized mass squared m
, which leads to the mass running as 14) cf. the corresponding equation (2.7) in the R0-level approximation. The partition function can once again be written in the form (2.9) with a divergent contribution
and a finite-temperature pressure
Here M 2 is the self-consistent pole mass determined as the solution of the gap equation
1 It is worth recalling that the R0 level approximation corresponds to the leading 1/N result from the N-component scalar field theory in the limit N → ∞.
2 To avoid confusion, re-instating powers of λ, the zero temperature contribution −
8π has been subtracted in Refs. [1, 35, 36] when requiring the cosmological constant to vanish at λ = 0. Thus, the renormalization condition adopted in this work differs from these references.
Similar to what was found for the R0-level approximation, the running m 2 R ensures that the R1-level pressure (2.15) is independent from the choice of the renormalization scaleμ 2 . (This is somewhat trivial for a super-renormalizable theory such as φ 4 in 1+1 dimensions. However, the behavior persists for theories that are just renormalizable, as has been explicitly shown in Ref. [18] corresponding to the R1 scheme for φ 4 theory in 3+1 dimensions). Results for P R1 (T ) are shown in Fig. 1 as a function of temperature. While the leading perturbative correction term to P f ree originating from P R0 (T ) is only a third of that from P R1 (T ), Fig. 1 shows that R0 and R1-level approximations give similar results for the overall pressure magnitude for all values of temperatures/couplings shown. (There are notable relative differences for low temperatures, given that
.)
R2-level
While both the R0 and R1-level approximations are non-perturbative in character,they correspond to mean-field-type resummations in the sense that only in-medium mass terms, but no in-medium thermal widths, are generated. Therefore, since the physics of thermal widths is not included in the R0, R1 approximations, one might worry that results based on R0, R1, despite being close to each other, could be far from the true, physical result. This indeed happens for the zero-temperature case where finite mass terms generated by R0, R1 can be renormalized away [1] , and qualitatively different results are found for the R2, R3 level approximations.
For these reasons, it is important to study the R2-level approximation that includes the physics of thermal widths non-perturbatively. Rewriting of the terms S 0 , S I in (2.2) by introducing dynamic propagators for both the φ and ζ fields (see Ref. [1] for details), one finds
where the φ-field propagator line. Furthermore I use K = (ω n , k) to denote the Euclidean two-momentum where ω n = 2πnT are the bosonic Matsubara frequencies, and 18) to denote the thermal sums and integrals in 1+1 dimensions (cf. Ref. [2] ). The selfenergies Π(K), Σ(K) are fixed by requiring that first non-trivial corrections arising from ζ in S I cancel when calculating the two-point functions φ(X)φ(0) , ζ (X)ζ (0) . This results in [1]
(2.19) In the large volume limit, the partition function Z R2 can once again be evaluated through a saddle point approximation, finding
(2.20)
The zero-temperature inverse propagator G −1 (K) is rendered finite by the same renormalization prescription that was used for R1, e.g. m
, which leads to the mass running as in Eq. (2.14). One thus finds
where Π(K) = 2z * − δΠ(K) and
Noting the cancellation
the partition function can be written in the form (2.9) with a divergent contribution
and a finite-temperature pressure given by
(2.24)
Note that again, the dependence on the renormalization scaleμ 2 has dropped out in P R2 .
Results for P R2 (T ) can be obtained numerically using the same methods as those described in the appendix of Ref. [1] . The only difference with respect to the algorithm described in Ref. [1] is that I explicitly evaluate the sum over Matsubara frequencies instead of performing a continuum integral. This approach becomes numerically expensive for small temperatures, but I find that for T 0.1 acceptable numerical accuracy can be obtained using only the first one hundred Matsubara frequencies. (The numerical code is publicly available at [37] ).
Numerical results obtained in this manner for P R2 (T ) are compared to P R0 (T ), P R1 (T ) in Fig. 1 . As can be seen from this figure, the R2-level results for the pressure are in good quantitative agreement with the R0 and R1 results for all values of the temperature/coupling shown. Even the zero-temperature limit P R2 (T = 0) −0.0433 is quantitatively similar to the results found for the R1-level approximation 3 . This strongly suggests that the overall magnitude of the thermal pressure is dominated by physics arising from the non-perturbative mass-resummation, with contributions from thermal widths being quantitatively sub-leading. 3 As a non-trivial check on the numerics, note that converting to the renormalization scheme chosen in Ref. 
R3-level
Increasing the resummation level further, one obtains the R3-level scheme where [1] 25) and where the R3-equivalent of (2.23) was used. For the R3-level scheme, the selfenergies are given by 26) where the resummed vertex Γ = 1 + δΓ obeys
and is graphically represented as a "blob". As outlined in Ref. [1] , it is possible to recast S eff R3 as sum over effective one-loop integrals by writing
In the large volume limit, the partition function Z R3 can once again be evaluated through a saddle point approximation, finding
The zero-temperature inverse propagator G −1 (K) is rendered finite by the same renormalization prescription that was used for R1 and R2, e.g. m , which leads to the mass running as in Eq. (2.14). One thus finds
The pressure in the R3 approximation is thus given by (2.9) with P div = m 4 48
and
(2.33)
Note that again, the dependence on the renormalization scaleμ 2 has dropped out in P R3 .
As with R2, results for P R3 (T ) can be obtained numerically using the same methods as those described in the appendix of Ref. [1] . P R3 (T ) is compared to P R0 (T ), P R1 (T ), P R2 (T ) in Fig. 1 , confirming the notion that thermal masses, not the physics of thermal widths, constitutes the dominant physics for the overall magnitude of the thermal pressure. In the zero temperature limit, one finds P R3 (T → 0) = −0.021(1), which matches the known high-precision zero-temperature result at g = m λ = 1 from Refs. [35, 36] upon converting to the present renormalization scheme:
3 Entropy density at finite temperature The entropy density s ≡ dP dT is readily calculated from the expressions for the thermal pressure given in Eqns. (2.10), (2.15), respectively. One finds
where M 2 in the R0, R1 approximations is given in Eqns. (2.11), (2.16), respectively. While it is possible that also the R2-and R3-level approximation for the entropy density admits a simple expression, in practice one can calculate s by performing a numerical temperature derivative from the existing results for the thermal pressure 4 (2.24). Note that at low temperatures, taking the derivative becomes numerically more challenging, which is why results at very low temperature are not reported for R2, R3 here.
The results for the entropy density in the R0-R3 level approximations, normalized by the free entropy density result s free = πT 6 are shown in Fig. 2 . As one can see from this figure, there is overall qualitative agreement for the entropy density for all temperatures/couplings, but there are clear quantitative differences between the R0, R1 and R2, R3 level approximations in particular around T 1. These differences are also present in the thermal pressure shown in Fig. 1 , but appear more pronounced in the entropy density plot in Fig. 2 where results are shown relative to the free result s free . Given the approximate results for s/s free shown in Fig. 2, I predict that exact calculations would give s/s free > 0.9 for T > 16 and s/s free < 0.2 for T < 0.2 for m 2 F = 1. Based on the agreement between R0-R3, I expect these predictions to be robust.
Moreover, given that the R3 approximation was found to be quantitatively similar to high-precision results for scalar φ 4 at zero temperature in Ref. [1] , I predict that R3 results to be a good quantitative approximation to the exact result for m 4 Cross-over transition between low and high temperature
The behavior of the entropy density as a function of temperature, normalized to the free-field result as shown in Fig. 2 , bears similarities with that of full QCD in that there is a low-temperature regime where s 0 and a high-temperature regime where the entropy density approaches s free from below. In QCD, the change in the normalized entropy density is associated with the change in the number of degrees of freedom from the confined low-temperature hadronic phase to the deconfined high-temperature quark-gluon plasma phase. Unlike pure Yang-Mills, the transition between confined and deconfined phase in full QCD with physical quark masses is known to be an analytic cross-over transition from lattice Monte-Carlo simulations [38] .
In the absence of a true transition, there is no true order parameter characterizing the low-and high-temperature phase. However, approximate order parameters such as the effective number of degrees of freedom given by
in practice allow one to distinguish between the two phases. The location of the crossover transition between low-and high-temperature "phase" may therefore be estimated from the peak of the "susceptibility"
While there is no confinement mechanism operating in scalar field theory, one may nevertheless evaluate χ(T ) for the R0-R3 approximations in order to distinguish between a low-temperature "phase" where s 0 and a high-temperature "phase" where s → s free . The corresponding plot is shown in Fig. 3 , indicating a broad cross-over transition at T 0.21 for m 2 F = 1.
Speed of Sound at finite temperature
The speed of sound c s (T ) at finite temperature is calculated from the thermodynamic relation where = sT − P is the energy density. The corresponding derivative of the entropy density is readily calculated numerically and one finds the speed of sound in the R0-R3 level approximation shown in Fig. 4 . One notices that relative differences between R0-R3 for c s (T ) are diminished with respect to those found for s/s free . The reason for this is that differences in s/T cancel against similar differences in ds dT in the denominator of c s (T ). Taking the derivative is numerically more difficult at low temperatures, which is why results for c s (T ) are not reported for the lowest temperatures for R2, R3.
Summary and Conclusions
In this work, I calculated thermodynamic properties for scalar φ 4 in 1+1 dimensions at all temperatures/coupling values based on the non-perturbative resummation schemes R0-R3 developed in Ref. [1] .
Results found for the thermal pressure, entropy density and speed of sound in the R0-R3 scheme were found to be well-behaved for arbitrary temperature and coupling strength. Furthermore, the dependence on the renormalization scale choicē µ ∈ [πT, 4πT ] dropped out explicitly for observables calculated in R0-R3. Moreover, besides being numerically close at high temperature/weak coupling, thermodynamic results obtained in the R0-R3 schemes were also found to be numerically close at low temperature/strong coupling. Contrasted with usual perturbation theory, these findings strongly suggest that the R0-R3 schemes are capable of providing quantitatively useful results for scalar φ 4 theory even in the full non-perturbative regime. In addition, the rapid rise of the entropy density as a function of temperature found in the R0-R3 calculations for m 2 F = 1 hints at the possibility of an analytic cross-over between a low temperature and high temperature "phase" in scalar φ 4 theory. Given that scalar φ 4 theory is amenable to direct numerical simulation using Monte Carlo lattice field theory techniques, I would encourage calculation of these thermodynamic observables on the lattice in the future.
